Abstract-Feedback control of electrostatic microelectromechanical systems (MEMS) is significantly complicated by the presence of parasitics. This paper considers the stabilization of a one-degree-of-freedom (1-DOF) piston actuator under the influence of a capacitively coupled parasitic electrode. Previous work by the authors has shown that, in the absence of parasitics, passivity-based control may be used to make any feasible equilibrium point of this system globally asymptotically stable. However parasitics may destabilize the nominal closed-loop system by inducing multiple equilibrium points, causing a saddle-node bifurcation called charge pull-in. This note shows how the nominal passivity-based control formulation may be modified to eliminate the multiple equilibria and prevent charge pull-in. As in previous work, we consider both static and dynamic output feedback controllers, with the dynamic controller providing additional control over transient performance.
I. INTRODUCTION

E
LECTROSTATIC actuation of microelectromechanical systems (MEMS) makes use of the attractive Coulomb forces that develop between capacitively coupled conductors differing in voltage. Electrostatic actuation is nonlinear, making open-loop control over a large operating range difficult. Furthermore, the nonlinearity gives rise to a saddle-node bifurcation known as voltage pull-in that necessitates operational limitations. Eliminating this effect would allow for enhanced functionality in a number of applications by increasing the operational range of the movable electrode, reducing the need for motion limiters and anti-stiction measures, and preventing disturbances from causing the movable electrode to depart from its stable operating region. A number of control approaches have been presented in the literature to address pull-in. In the context of this paper, the most relevant are those that-implicitly or explicitly-make use of the substantial improvements in stability associated with control of electrode charge versus control of electrode voltage. Some notable examples include [10] , [14] , and [16] . An additional challenge is to implement these controllers in the presence of additional resistive and capacitive coupling between device components and between device components and the surroundings. These interactions are commonly referred to as parasitics. It is known that parasitic capacitance can cause loss of stability of charge-controlled electrostatic MEMS through a saddle-node bifurcation known as charge pull-in [4] , [5] , [12] , [14] . Explicit compensation of parasitics is only now beginning to attract attention from the controls community; see, for example, [17] .
In [6] - [9] , we present a series of results on passivity-based control (PBC) for global and semi-global stabilization of electrostatically actuated MEMS. The one-degree-of-freedom (1-DOF) case is considered in [6] . The system input and output are the control voltage applied to the fixed electrode and the charge on the movable electrode, respectively. Two controllers are derived that eliminate the pull-in bifurcation and stabilize any point in the capacitive gap-that is, points between the drive electrode and the zero-voltage equilibrium. Because of the purely attractive capacitively coupled electrostatic forcing, these are the only points for which a feasible equilibrium exists. The first design in [6] is based on the energy-shaping version of PBC (see, for example, [13] ) and results in a charge feedback controller. The second is based on feedback passivation techniques (first developed in [3] ) and requires an additional velocity feedback term. Unlike the energy-shaping controller, the feedback-passivation controller may be used to inject damping into the mechanical subsystem, improving transient performance. The generalized model and controller presented in [7] extends the 1-DOF results to a broad class of electrostatically forced mechanical systems, including a variety of interesting MEMS devices. The extension requires measurement of the voltage and charge associated with all electrodes that influence the movable electrode, including parasitic surfaces. This is typically not practical. The object of the present note is to examine whether the 1-DOF PBC results of [6] may be recovered in the presence of a particular class of parasitics without requiring charge or voltage measurements on the parasitic electrodes.
The model considered is the 1-DOF model used in [6] -a grounded movable electrode suspended by a linear spring and damper above a fixed control electrode-but with an additional fixed parasitic electrode added below the control electrode as shown in Fig. 1 . Physically, the parasitic surface might represent Fig. 1 . 1-DOF model of a electrostatic microactuator. The top plate of the MEMS is free to move and the two bottom plates are held fixed. The middle plate is the control electrode and the bottom plate is the parasitic electrode. This particular configuration is an example of Case II, as defined in the text. The area of the bottom plate may be reduced to that of the top plate without affecting the simple capacitance models used for control design. The parasitic bias voltage u is assumed to be zero in the controller design and analysis.
the relatively conductive wafer substrate below the insulating dielectric layer upon which the MEMS device is fabricated. As in [1] , [6] , and [7] , the voltage between the movable and drive electrodes is assumed to be measured, along with the charge on the fixed electrode. Here we will require one additional measurement, namely the charge on the movable electrode. We propose that this quantity be calculated from the voltage across a fixed capacitor placed in series with the movable electrode. Alternately the position of the movable electrode may be measured directly, as with a capacitive bridge. In this paper, the parasitic electrode is connected to ground through a resistor. Therefore, both the parasitic voltage and the charge can vary dynamically, but at equilibrium the parasitic voltage will be zero. This condition may be relaxed by including a series voltage source, but such an extension is not considered here. This paper is organized as follows. Section II presents a 1-DOF model of an electrostatic MEMS with a parasitic capacitance, with two distinct electrode geometries explicitly presented. In Section III we revisit the PBC results of [6] , [7] and show how parasitics may cause charge pull-in, which we interpret in terms of a saddle-node bifurcation of the zero dynamics. We then demonstrate how redefining the system output eliminates multiple equilibria of the zero dynamics, thereby preventing charge pull-in for PBC using that output. If the control electrode is larger than either the movable electrode or the parasitic electrode then, neglecting fringing, the parasitic electrode is electrostatically screened from the movable electrode. Section III shows that in this case the PBC designs may be modified to provide global asymptotic stability of the desired equilibrium. On the other hand, if there is direct capacitive coupling between the movable and parasitic electrodes, then we do not have analytical proof of global asymptotic stability of the closed-loop system using the PBC designs. However, in Section IV, we present numerical evidence that the region of attraction of the closed-loop equilibrium point is large and perhaps global. Additionally Section IV presents simulations of both cases that use the ANSYS finite-element analysis (FEA) package to include fringing fields. For the cases modeled, the presence of these fields affects the accuracy of set-point tracking, but does not destabilize the closed-loop system. Finally, the main contributions are summarized in Section V.
II. 1-DOF MEMS MODEL WITH PARASITIC CAPACITANCE
We consider a MEMS device modeled by three parallel plates, shown schematically in Fig. 1 . The configuration of the parasitic electrode is motivated by MEMS designs in which a parallel-plate device is surface micromachined on an insulating dielectric layer, which in turn is deposited on a relatively conductive silicon substrate. In such cases large parasitic capacitances may exist between the device and the underlying silicon wafer, especially if the insulating layer is thin. Topmost is the movable electrode, of mass , suspended by linear spring and damping elements, with constants and , respectively. The movable electrode is constrained to translate in the vertical direction. In the middle is a fixed plate that we refer to as the drive or control electrode, and at the bottom is a fixed parasitic electrode. The plates have area , and , respectively, and are assumed to be centered on a common axis. The zero-voltage gap between the moving and drive electrode is and the distance between the parasitic and drive electrode is . The displacement of the movable electrode is , defined to be zero in the zero-voltage configuration and positive in the direction away from the drive electrode. Resistive cross-coupling is neglected, and the movable electrode is assumed to be grounded. A resistance is in series with the drive electrode, voltage source , and movable electrode. A current flows through this circuit. The charge and voltage on the drive and parasitic electrodes are , and , respectively. The charge on the movable electrode is . The parasitic electrode is connected to ground through a series resistance and bias voltage . Henceforth is assumed to be zero.
For the purpose of control design, the capacitive coupling and electrostatic forces are derived using a simple infinite parallel-plate model that neglects fringing. The consequences of this assumption will be examined in Section IV. Thus, the mutual capacitance between any two surfaces is modeled as , where is the distance between the surfaces and is the area of the overlap between the surfaces with no intervening conductor. If the parasitic effects are due to interactions with a conductive substrate, this model allows us to consider only that portion of the substrate directly beneath the device. is the permittivity of the material in the gap between the plates, assumed here to be constant with value pF/ m. Capacitances defined with respect to relative potential are designated , while elements of the capacitance matrix or its inverse are or , respectively. Even using the simplified 1-DOF model of Fig. 1 , several distinct electrode configurations are possible. The following observation facilitates the analysis: under the simplified capacitance calculation, the largest electrode area may, without loss of generality, be reduced to that of the next largest, resulting in three possible situations, in which either the movable electrode is the smallest, the control electrode is the smallest, or the parasitic electrode is the smallest. The first and third situation result in very similar system dynamics, and it suffices to consider one or the other. Since the substrate is larger than the fabricated device, the first case is of greater practical interest. Therefore, to avoid unnecessarily complex notation, we will consider only the first and second configurations, which we subsequently refer to as Case I and Case II. We define the parameter . For
Case I, and for Case II . In Case I, the movable electrode is completely screened from the parasitic electrode by the control electrode. In Case II the movable electrode is directly affected by the parasitics.
Application of the modeling procedure presented in [7] gives the following equations of motion:
where the electrostatic force term is of the form (6) Here, and are the charge on the control and parasitic electrode, respectively. is the voltage on the control electrode, is the voltage applied at the controller, and and are the displacement and velocity, respectively, of the movable electrode. The mechanical subsystem is characterized by natural frequency and damping ratio , respectively. As seen in Fig. 1 , and are resistances in series with the control and parasitic electrodes, respectively.
Charge and voltage are related by
Equation (7) defines the functions , and , which have no other explicit physical meaning. Likewise, (6) defines . Table I lists values for these functions in the two electrode geometry cases.
III. PASSIVITY-BASED CONTROL DESIGN AND ANALYSIS INCORPORATING PARASITICS
The nonlinear phenomenon of voltage pull-in associated with voltage control of electrostatic MEMS is well known. Details may be found, for example, in [15] . A number of researchers demonstrate controllers based on electrode charge to eliminate voltage pull-in in the absence of parasitics [10] , [14] . Similarly, we have previously shown for the 1-DOF MEMS without parasitics that the choice of control electrode charge as the system output in the PBC framework causes the zero dynamics to have a unique equilibrium point and that static or dynamic output feedback may be used to make that equilibrium point a global attractor [6] , [7] . In the presence of parasitics, those previous results no longer hold.
With the parasitic plate, the equation governing the equilibrium position of the electrode with the output is for Case I,
, and for Case II,
. In these equations and subsequently an overbar implies an equilibrium value. Specifically, is the desired equilibrium value of that is used in the output equation, and is the resulting equilibrium value of . The appropriate must be calculated and input to the controller. Both these cases may be put in the form , where . For Case I, , and for Case II, . Investigating these equilibrium equations we find that a new saddle-node bifurcation, referred to as "charge pull-in" [4] , [5] , [12] , [14] , occurs when . Charge pull-in occurs at or for Case I or II, respectively. Fig. 2 shows this [6] may be modified to recover their nominal stability and performance characteristics in the presence of parasitics.
In the absence of parasitics, the choice of charge instead of voltage as the output in a passivity framework eliminates voltage pull-in, so it is natural to ask whether there is another choice of output for which, in the presence of parasitics, eliminates charge pull-in. To investigate this question we introduce a new output , where is defined to be the portion of the charge on the control electrode specifically induced by , the mutual capacitance between the movable electrode and the control electrode.
is the desired equilibrium value of . The appropriate must be calculated and input to the controller as (8) (9) Table II summarizes the equilibrium values for the electrostatic force and the zero dynamics states and in terms of the output set point . As can be seen from Table II, for  both Case I and Case II, a given corresponds to a unique . This proves the uniqueness of the equilibrium of the zero dynamics, and thereby shows that charge pull-in is eliminated. Other output functions also have this property; this function was selected based on the large region of attraction seen in simulation of the corresponding passivity-based controllers for Case II geometries, as discussed further below.
We now show that for Case I the static and dynamic controllers presented in [6] using output globally asymptotically stabilize the equilibrium given in Table II when the output is instead . Applying gives the value of corresponding to the desired gap .
Substituting Case I values for and from Table I into (9) yields . Rewrite the state (1)-(5) using as a state instead of ,and apply the input-output linearizing control (10) As in [6] , implementation of this feedback control requires , and , which for the moment we assume are known. We obtain (11) (12) (13) (14) where We see that subsystem (11)- (13) is uncoupled from the parasitic subsystem (14) and is identical to the system considered in [6] with replaced by . Thus, by the proofs presented in that paper, the static output feedback controller (15) with is globally asymptotically stabilizing for this system as well. Implementation of (15) requires . From (8), we see this can be implemented using measurements and , and a model of the capacitance . Similarly, the dynamic output feedback controller given by [6] (16) is also globally asymptotically stabilizing with . The dynamic compensator is preferred over the static one when additional damping is desired for performance reasons [6] . In (16) it is required that the movable electrode velocity be known, which is typically unrealistic. Therefore, a dynamic observer is needed to estimate . With and measured, the system has the structure , that is, the nonlinearity is a function only of the measurement , and is a linear combination of the states. The full-order observer takes the form (17) Proof of stability of the closed-loop subsystem (11)-(13) and (17) exactly follows [6] .
The parasitic dynamics (14) are which, due to the decoupling and asymptotic stability of the rest of the system, may be treated as a linear, exponentially stable, first-order equation with a bounded and convergent exogenous input. Such a system must converge to a steady value. Thus, for Case I, either (15) or (16) globally asymptotically stabilizes the system corresponding to any . This concludes the discussion of stability for Case I. In Case II the parasitic dynamics are not decoupled by the change of coordinates from to . Despite the lack of analytical proof of convergence, in the next section, we apply the same two controllers (15) and (16), and numerically examine the result. We see that the simulated performance is very promising.
We have assumed that and are measured, or may be inferred from measurements. It is reasonable to make voltage measurements on engineered components such as the control and movable electrodes. As presented in [1] , [6] , and [7] , by measuring the voltage across fixed capacitors placed in series with these components, one can also obtain their charge. If charge and voltage measurements are available for all electrodes then the capacitance models can in principle be inverted to find the displacement . In the case with parasitics, the voltage of the parasitic surface is not known. However, in principle, it is still possible to find using capacitance models from measurements , and through eliminating from the equations and . Although this method does not require measurement of , it does require a parasitic capacitance model and . Alternately, one may directly measure using a capacitive bridge or other means.
IV. SIMULATION RESULTS
Here, we present representative results from a MATLAB simulation study of Case II, showing stability of the zero dynamics and closed-loop system over a range of parameters and initial conditions. First the nominal performance is examined, using parallel plate capacitance models in both the simulation equations and the controller. Next we examine the effects of this assumption on performance, through simulations for Cases I and II using capacitances and forces computed using the ANSYS Multiphysics finite-element package.
A. Stability and Domain of Attraction for Case II
Given detectability, stability of the closed-loop system under PBC depends on the stability of the zero dynamics. We have examined the poles of the linearized zero dynamics of (1)- (6) for Case II, with as output, as varies from 0 to for and . A real pole moves by only about 1.5%, from about to about . A complex conjugate pair of poles corresponding to the dynamics of the mechanical subsystem does not move at all. The location of this pair is determined only by the parameters and in (5) and is unaffected by the set-point. For the parameter values studied they are at about . Similar results are found for a range of parasitic geometries with . The location of the complex conjugate pair does not change, and the real root remains in the open left half-plane for all parameter values studied. Thus, the closed-loop system will be locally asymptotically stable for any feasible equilibrium over a wide range of parasitic electrode configurations.
We will apply the same state-feedback controllers (15) and (16) to Case II that have previously been applied to Case I. However, the implemented dynamic output feedback controller must be modified, because the observer design differs between the cases. Separating the linear and nonlinear terms in Case II gives the form Here is given by (18) This is apparently not of the desired form , since contains , which is not a measurement. However, can be written as
Therefore, we have the following full-order observer:
with given by (19). We perform MATLAB simulations of Case II implementing (1)-(6), with output given by (9) . For the purpose of studying nominal performance, the capacitances and forces in these equations are initially assumed to be the same parallel plate approximations used in the controller. This assumption is lifted in Section IV-B. The feedback linearizing term of the controller is given by (10) . The stabilizing term is given by (15) for the static controller and (16) for the dynamic controller. The velocity observer is given by (20). System parameters are chosen to be . For both the static and dynamic controllers, the controller gain is set to . For the dynamic controller, the observer gain is chosen to place the poles of the linear error dynamics at . The parasitic plate geometry parameters were set to and . The target set-points , are listed separately in the figures showing the results of each simulation.
Figs. 3 and 4 show typical simulation results for the static and dynamic controllers, respectively. The simulations show stable transitions from to a range of final target values. As expected, dynamic output feedback controller has improved transient performance, while the static output feedback controller is limited by the open-loop dynamics of the mechanical subsystem. Similar results are found for a range of parasitic geometries with . We believe that these ranges cover most actual MEMS devices.
The simulation results reported here show that the PBC designs with system output are asymptotically stabilizing over a wide range of parasitic geometries and initial conditions. No unstable behavior was seen, leading us to speculate that these controllers may be globally asymptotically stabilizing for all parameter values for Case II as well as for Case I. This result is highly dependent on the choice of output functions. Other choices eliminate charge pull-in, but are not stable over as large a range of parameters and initial conditions. An example may be seen in [9] , where the output function considered is the total charge (or equivalently, the charge on the movable electrode ). There it is seen that although the pull-in bifurcation does not occur, the system can still lose stability for setpoints low in the gap through a subcritical Hopf bifurcation. 
B. Simulation of Cases I and II With Modeling Errors
Here, we examine the impact of the parallel plate capacitance approximation on controller performance. To reflect the interpretation of the parasitic electrode as the conductive substrate, the parasitic electrode is chosen to be larger than the other two surfaces (exact values are specified in the figures describing each simulation result). Other values are as in the MATLAB simulations described in the previous section.
The ANSYS Multiphysics finite-element analysis package allows calculation of the electrostatic field between multiple conductors, including fringing fields, through the solution of Laplace's equation [2] . ANSYS Multiphysics includes a utility called CMATRIX for computing capacitances based on these solutions. It is possible to use ANSYS directly for dynamic simulation, as was done in [1] . However, for a 1-DOF system, this is computationally wasteful, as the fields are recalculated multiple times for the same configuration. Instead, capacitances were computed over a range of electrode gap values. An interpolation function was used with these data to generate realistic capacitances at any gap. The electrostatic forces on the movable electrode can then be computed using the formula . The force must be normalized by the mass of the movable electrode, which is taken to be kg. These values are used in a MATLAB simulation of (1)- (5). Fig. 5 compares the parallel plate approximation to ANSYS results for a particular electrode configuration at varying gap widths.
The simplified parallel-plate capacitance models are used twice in the controller derivation, first to obtain the that will give a desired position , and then implicitly in the linearizing feedback (10) . To determine the effect of each of these on the controller, simulations were performed of dynamic output feedback control of Case II with and using ANSYS and parallel-plate models for each of these terms, both separately and together. Since (1)- (5) use the ANSYS values, there is no modeling error when these are used in the controller. Fig. 6 shows the results of four simulations. In the first, the parallel plate approximation is used both to compute and to input-output linearize the system. In the second, ANSYS values are used to compute the setpoint while the parallel plate model is used for linearization. The third uses the parallel-plate approximations to compute , while the linearizing feedback is generated using the ANSYS values. Finally, ANSYS values are used for both purposes. The results show that an error of about 20% is associated with use of approximate values in the linearizing feedback, while an error of about 12% is associated with the imperfect calculation of . Together these give a setpoint error of almost 30%. This offset is considerably larger than the difference between the parallel-plate and ANSYS models themselves. Addressing this error is a topic for future work, but we note that the more accurate finite-element curves may be incorporated into the actual controller to provide improved performance by substituting them into the appropriate controller formulas.
Figs. 7-9 show similar results for Case I with static output feedback, Case I with dynamic output feedback, and Case II with static output feedback, respectively. In each plot, two simulations are shown, one using the parallel plate approximation to both compute and input-output linearize the system, the other using ANSYS values for these purposes. The results also show offsets due to the simplified capacitance models as seen above. However, the response is stable in every case, and use of the more precise capacitance curves recovers the desired accuracy.
V. CONCLUSION
This paper presents a 1-DOF model including a capacitively coupled parasitic electrode, specialized from a general modeling and controls framework for electrostatically actuated MEMS. Previous work by the authors presented static and dynamic output feedback controllers that, in the absence of parasitics, globally asymptotically stabilize any equilibrium electrode configuration, thereby eliminating voltage pull-in and allowing the movable electrode an extended travel range. These controllers were based on the observation that the bifurcation that occurs in the zero dynamics when drive electrode voltage is chosen as the system output does not occur when drive electrode charge is chosen instead. However, a sufficiently large parasitic capacitance will destroy this property, through a saddle-node bifurcation known in the literature as charge pull-in. This again limits the operational range of travel of the movable electrode, though less severely than voltage pull-in does. For the 1-DOF model considered, we showed how the choice of a different quantity, denoted by , as the system output eliminates the charge pull-in bifurcation. Two qualitatively different electrode geometries must be considered. For the first, we recover analytically the global asymptotic stability result obtained without parasitics. In the second, we rely on numerical simulation results to show that the domain of attraction of the controllers is large. Finite-element simulations show that the parallel plate approximation used in controller design may introduce significant offsets in the steady-state position of the movable electrode, with most of this due to the dynamic inversion component. This effect was reduced in simulation by using more accurate capacitance models.
